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Abstract 

We study in detail the factorization of the newly obtained two-loop 
four-particle amplitude in superstring theory. In particular some missing 
factors from the scalar correlators are obtained correctly, in comparing 
with a previous study of the factorization in two-loop superstring theory. 
Some details for the calculation of the factorization of the kinematic factor 
are also presented. 
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Explicit result for higher loop amplitudes in superstring is quite rare. 
To our knowledge the only explicitly known higher loop (> 2) non- vanishing 
amplitude is the four-particle amplitude in superstring theory, firstly ob- 
tained in pQ and later re-obtained in [5] |3| in an explicitly gauge indepen- 
dent way, following the works of D' Hoker and Phong |SJ |SJ |7| |S] on two 
loop measure of superstring theory. Recently D' Hoker and Phong |§lll(J| 
also gave a measure for three loop superstring theory. It remains to see if 
this can be used to do explicit three loop computations in superstring the- 
ory. For other promising approach of covariant calculation of superstring 
amplitudes we refer the reader to Berkovits's review 

Due to the rareness of explicit results, it is natural to study the known 
result in depth. The old result was casted into an explicit modular invari- 
ant form |12| and used in I13| to prove the vanishing of the R 4 correction 
|14II15| . It has also been proved in j!6| that the results obtained in 
are equivalent. Another goal we have in mind is to make connection with 
known results from field theory in M = 4 supersymmetric Yang- Mills the- 
ory |17l I18| . This seems a trivial problem, but in fact it turns out to be 
quite tricky. One could use unitarity to fix the overall factor for the four- 
particle amplitude. In order to do this we need to know the precise overall 
factor for other one loop amplitudes involved. Due to the incomplete re- 
sults in the literature, we therefore computed all the relevant amplitudes 
in a consistent way and fixed all the overall factors by either using factor- 
ization or unitarity. We will present a detailed study of factorization and 
unitarity in superstring theory in a later publication TJ|. In this paper 
we present only the result of factorization of the two loop four-particle 
amplitude in superstring theory. 

The factorization of the two loop four-particle amplitude in superstring 
theory was studied before in |20l I21| . Compared with these studies, we 
improved on obtaining some missing factors from the scalar correlators. 
Also some details for the calculation of the factorization of the kinematic 
factor are presented. We will need these results in the forthcoming paper 



To begin with, let us recall the two-loop four-particle amplitude in 
type II superstring theories obtained in refs. 
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and (X(zi)X(zj)) = {X(zi,Zi)X(zj,Zj))'s are the scalar correlators (see 
below in eq. 1191 for explicit formulas in terms of prime form and holomor- 
phic differentials). The K(ki, ej) is the standard kinematic factor appear- 
ing at tree, one- and two- loop computations |22l HI |3"|. Cn is an overall 
factor which should be determined from factorization and unitarity |19|. 

In the dividing degeneration limit: 02 — a 1 = u, C13 — ai = vu, u —* 0, 
we have 

T^A Tl T 2 - (5) 

\u\ ai 4 ai 5 ai 6 



where 



yi (z) = y/z(z-l)(z-v), (7) 

1/2 (z) = y/(z — ai)(z — a 4 )(z - a 5 )(z — a 6 ). (8) 
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£1 = £111 + ai, and 22 = + ai, (9) 

we have: 
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By using the above results we have 
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Figure 1: The dividing degeneration limit of a genus 2 surface. 



In order to prove that the above amplitude factorizes correctly, we need 
to study the degeneration limit of the scalar correlators. 
The expression in the exponential factor in eq. I|17^ is: 

-(X(zi)X(z 3 )) - (X{z 2 )X{ Zi )) 
+ t -((X(z 1 )X(z 4 )) + (X(z 2 )X(z 3 )) 
~(X(z 1 )X(z 3 ))-(X(z 2 )X(z 4 ))y (18) 

where the scalar correlator {X(zi)X(zj)) is given as follows: 
(X(zi)X( Zj )) = -H\E(zi,Zi)\ 2 ) 

+27r(Im / a;)(Imr) _1 (Im / to), (19) 
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in terms of the prime form E(zi, Zj), the period matrix: 

Til Ti2 
T21 T22 



and the holomorphic differentials: 
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In the degeneration limit u — t 4 — » (see Fig. 1), we have the following 
explicit formulas from Fay's book 1231 (page 38, Proposition 3.1 and page 
41, Corollary 3.2): 
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Here Vi(z) is the holomorphic differential on the i-th torus (see below 
in eq. I3U1 for explicit expression), pi is the oo-point on the first torus 
(pi — oo) and P2 is one of the branch point on the second torus (p2 = ai). 
The Abelian differential of the second kind Ui on the two tori are given 
as follows: 



Ui{x,y) 



-Vi(x)vi(y) d (ej), 



(23) 
(24) 



By using the above results and the degeneration property of the theta 
function, the correlators are degenerated as follows: 
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where we have defined: 
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By using these results we have: 
-^ki.kjiXMXizi)) 
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+ In (|ai4ai 5 ai 6 ||-Ki-ft:2/4| 2 ) + In 

and so the two loop four-boson amplitude becomes: 
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In order to prove that the above amplitude do factorize correctly, we 
need to do two things. The first is to prove that the kinematic factor 
K(ki, £j) factorizes into a summation of two one-loop 3-particle kinematic 
factor. The summation is over all possible intermediate states. The second 
is to prove that the rests in eq. 13311 are the product of two one-loop 3- 
particle amplitudes apart from the propagator _l +2 . Let us study the 
second first. 

The first non-vanishing contributions is from a massive intermediate 
states. Only the massive boson from the NS-NS sector contributes because 
of the super-ghost. So we need to compute the f-loop amplitude for two 
massless bosons to one massive boson. The massive boson vertex operator 
in the 0-picture |2H l2"51 l2l>] is: 

V ( ° ,0) {k,a pvp ,a pv ,a p ) 

= ~9m | a [^p] [3idX P i> v ip p - k ■ ipil} p ip lJ ^ p ] 

+o> [idx p dx v + dip"ip" + k ■ 4>idx p ^] 

+a p [id 2 X + k ■ ipdTjS] 1 1 right-moving part j e ik ' x , (34) 

where a M „ p , a^v and cr^ are the polarization tensors and we set the fol- 
lowing normalization: 

a p „ p {k)a pvp {-k) = -i a^(k)a^(-k) = 1. (35) 

D 

By convention a(—k) = a*(k) and a(— k) = cr*(k). For later use we give 
here also the completeness relations for these tensors: 
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-\(k^k^ + 2^){k' ,1 k U2 + 2r) vlU2 ) + ( M i ~ M2)]- (37) 
The (bosonic) n-particle one loop amplitude are obtained as follows: 

/n n 
Yl A 2 z t ^ VsQs(Y[ V(h, u, ft)),, (38) 

i— 1 s i — l 

and for n — 3 (two massless (fci and fe) and one massive (k^ = k)), we 
have 



A 1 — loop 

.A3 



-ig 2 c g M C I (27Y) 10 S 1() (k 1 + k 2 + k)K 3 

[ A ,2 ,2 ,2 rii<ji a< ji 2 

x / d/i d 21 d 02 d z 3 / w n ,/ M 2 
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x exp{~y^fci ■ kj{X(zi)X(zj))} 
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1 Ilti d2a * d 2 2l d 2 2 2 d 2 z 3 



T 6 dVl Ili<i a «l 2 64 lw(*0v(*a)» a (*a)l a 
x exp{(X(2i)X(2 2 )> - (X(zi)X(zs)) - (X( 22 )X(2 3 ))}, (39) 

where we have used the relation 2ki ■ kj = (fcj + fc-,) 2 — k 2 — fe 2 to set 
fei * fea = — fci ■ = — &2 ■ fe = —1 and the kinematic factor K3 is given as 
follows (for the left-part only): 

K 3L = ea^pejeife^+^Mf (fei fe2 e i' e 2 — k^€ 2 ei-k 2 —€^e 2 -e^k 2 ki-€ 2 ). (40) 

By comparing the one-loop amplitude given in eq. Ij39^ with the relevant 
expression in eq. 13311 . we see that there is a mismatch of one factor of Ti 
and an extra integration over insertion point of the vertex operators. This 
is due to the fact that there is a translation invariance for the one-loop 
amplitude. So we can fix an insertion point and this cancels a factor T. 
The precise relation between G and (X(zi)X(zj)) is: 

(X(zi)X(zj)) = -G(zi, Zj )-ln \y{z t )y{ Zj )K 2 \ . (41) 

(See also eqs. 1251 — 1281 .1 Taking this into account, we have 

1 d 2 zi d 2 2 2 d 2 2 
\y{zi)y{z 2 )y 2 {z)\ 2 

x exp{{X(zi)X(za)) - (X(zi)X(z)) - {X(z 2 )X(z))} 
" \K\ 2 d 2 Zl d 2 z 2 d 2 z 
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—d 2 z\d 2 z2 exp{— G{zi,z-i) + G(zi,z) + G(z2, z)} 



T 

\K\ 2 d 2 Zl d 2 z 2 
\y( Zl )y(z 2 W 

x exp{-G(zi, z 2 ) + G(z!,z) + G(z 2 ,z)}. (42) 

This agrees with eq. 1331 for the relevant part of the two one-loop ampli- 
tudes. 

To complete the study of the factorization we would also like to show 
that the kinematic factor K(ki,ei) also factorizes correctly. This was 
done in |21l 1201 127| . Here we will give more details for the summation 
over intermediate tensors. This factorization is true for both the left- and 
right-part. Setting e?" — efe^, we have 

K(h,ei) = K^e^KRiki^i). (43) 

In the following we discuss the factorization of Kl only and by a abuse 
of notation we simply write K(ki, ei) for KL(ki, ei). 
Setting 

K 3 , 1 (k 1 ,e 1 ,k 2 ,e2,k,a) = 6e lti e2„k lp a^ p 
K 3t 2(ki,ei,k 2 ,e2,k 3 ,a) = — cr'" / (ei M e 2 „ + fci M £ 2 „£i ■ ki 

+fci M fci ! /ei • €2 — ei„fci M 62 • ki), (44) 

and by using the completeness relations eqs. 1361 and 1371 for the polar- 
ization tensors, we have 

^ K 3}1 (k 1 ,e 1 ,k2, £2, k,a)K 3> i(k 3 , e 3 , fc 4 , £4, —k, a) 



'" i ' £4£2 ■ 63 — 61 • £3£2 ■ £4 — ^£2 • £3£l • &2£4 ■ k 3 



+ -£2 ■ £4£1 ■ k2e 3 ■ ki — ~£l ■ £4£2 • fcl£3 • ki 

+ ^£l • £3£2 ' fcl£4 ' k 3 )) + Ei ■ £ 4 £ 2 ■ £3 - £l ' £3£2 • £4 

+£2 • e 3 (— ei • fc 4 £4 • ki — ei ■ k 3 ei ■ k 2 ) 
— £2 • £4(— ei ■ fc 4 £3 • ki — ei ■ k 3 e 3 ■ k 2 ) 

+£l • £4(~£ 2 ' &4£3 ' kl — £2 • k 3 E 3 ■ k 2 ) 
— £1 ■ £3 ( — £2 ■ ^4£4 • kl — 62 • fc 3 £ 4 ■ k 2 ) 

+(ei • k 4 e 2 ■ k 3 — ei ■ k 3 e 2 ■ ki) 

X(£ 3 • ft 2 £4 ' ki - £3 • fci£ 4 • , (45) 



and 



^ K 3 ^(ki, £i, ki, £2, k, a)K 3y2 (k 3 , £3, ki, £4, —A, <x) 

a 

1 f 1 2 

= - I -U £1 ■ £2£3 ' £4 + "[£3 ■ £4(61 ■ fc4£2 • k 3 — 61 ■ k 3 € 2 • ki) 
+£l ■ £2£3 ■ £4 + £1 ■ £2 (£3 ■ &2£4 ' kl — 6 3 ■ fcl£ 4 • fc 2 ) 
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1 1 , 

+ ■ 6462 • Ki£ 3 • fc 4 + -62 • 6361 ' K2E4 • K 3 

— -£i ■ 6362 • fci£4 • k 3 - ie 2 • e 4 6i ■ fc 2 £3 • fct] 

+ £ 2 ■ 64(61 ' &263 • kl + 61 • fc363 • fci) 
+ 61 ■ 6 4 (62 ' ^463 ■ fcl — 6 2 ■ fc 3 e 3 ■ fc 2 ) 
+ 62 ■ 63(61 • fc36 4 ■ fe — 61 • fc 4 64 ■ fcl) 
+ 61 ■ e 3 (e 2 • fcl64 ■ fc2 + 6 2 ■ fc464 • k 3 ) 

— 261 ■ 6263 • fci£4 • fc2 — 263 • £4£i ■ fc3£2 • fcl 
+61 ■ 6462 • 63 + 61 • 6362 ■ 64 

+ (61 ■ fc462 • fc3 - 61 • fc 3 e 2 • k 4 ) 

X (63 ■ fc264 • fcl " 63 • fci£ 4 • fe) } • (46) 

By using the above results one proves that the kinematic factor K(ki, 6j) 
factorizes into a product of two one-loop kinematic factors. Explicitly we 
have: 
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^3,1 (fcl, 61, fc2, 6 2 , fc,«)A"3,l(fc3, 63, /S4, 64, — fe, Of) 



+ ^"3,2(^1,61, ki, 62, k, a)K 3l 2(k3, e 3 , fc 4 , e 4 , —A, a). (47) 



with fc = —(fci + fe)- This completes the study of the factorization of the 
two-loop four-particle amplitude in superstring theory. 

One could use the above result to fix the overall factor of the two-loop 
four-particle amplitude. In order to do this we need the precise overall 
factor for the one-loop three-particle amplitude. This factor is unknown 
in the literature and it should be determined by either using unitarity or 
factorization at one- loop. We will leave these for a future publication |19|. 

Note added: Recently the 2-loop 4-particle amplitude in superstring 
theory was also obtained in |28l I29| and its factorization was studied by 
D'Hoker, Gutperle and Phong in |3U|. 
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